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1. Preliminary. In the expression 2«-—3 appear the numbers 
2,—3, x. Of these, 2, — 3, having definite values which cannot change, 
are called constants, while the number x, regarded as capable of 
assuming different values, is called a variable. In general, it is 
supposed that the variable « may assume, or pass through, all assign- 
able positive or negative values, as well as the value zero. Numbers 
generally present themselves as measuring some physical or geometrical 
quantity, the constant measuring a certain definite quantity and the 
variable measuring a quantity undergoing change. On this account 
numbers and expressions involving numbers are frequently spoken of 
as quantities. It is to be noted, too, that, in the case of variable 
quantities, the physical or geometrical conditions may be such as to 
limit the range of variation of the variable. 


A convenient and useful representation of number, whether constant 
or variable, is found in the straight line regarded as indefinitely 
produced each way. A point O is taken, in this line, as origin, or 
place from which measurements are made. 


x oO x 
rir eee ageeg—ad: 
e 271012 ? x 


Each point on this line, being at a certain distance from the origin, 
can be looked upon as carrying a certain number, namely, the measure 
of the distance of that point from the origin. It is agreed that 
positive numbers are to be carried by points to the right of the origin, 
and negative numbers by points to the left, while the number zero 
is carried by the point O, the origin. A fixed point on the line 
represents a constant number ; a point, moving or regarded as capable 
of moving in the line, a variable number. 
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Return now to the expression 2a-—3. If to x be assigned the values 
0, #0, Beye, . bs 
the values of 22 — 3 are found to be 
-— 3, —2, -1,0,1,. 


It follows then that 2x - 3 is also a variable. 


Any quantity whose value is determined when the value of a 
certain variable quantity, as a, is given, is called a function of that 
variable. Thus, 2x-3 is a function of x This function is further 
described as one-dimensional, or linear in the variable «. 

As has been seen, the linear function 2x — 3 is a variable, its value 
depending on and changing with that of x On this account 2 is 
called the independent variable, and if the value of the function 
2%-—3 is denoted by wu, then w is called the dependent variable. 
The relation of u to x can be exhibited by means of a diagram. First, 
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draw X’OX on which to represent the values of x, O being the origin. 
Then through O draw UOU' at right angles to this line. 

First, suppose « to have the valne 24, carried by the point N. The 
corresponding value of w is found to be 2. Mark the point S at a 
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distance 2 from N in the direction OU. Then this point S indicates by 
its distance from the point N in OX, just below it, the value of w for 
x= 23, the value carried by N. 

Next, for «= 2, carried by the point M, the value of w is 1, and, as 
before, the point R indicates by its position that the value of w is 1 if 
= 2. 

So for x= 14, carried by the point L, the value of x is 0, and the 
point Q (the’same point as L) on the line X’OX indicates this fact. 

~ For x=1, carried by the point K, the value of wis —1: We agree 
to indicate negative values of « by measurements made below the line 
X'OX, so that the point P indicates that w= - 1 for x=1. 


Thus, to each value of x corresponds a value of uw, and if we 


construct the assemblage of points PQRS..... giving the values of w 
corresponding to the values of 2 belonging to all the points on X’OX, 
a continuous line PQRS..... will be formed. Here this continuous 


line is found to be a straight line. It is said to be the graph of the 
function 2x —-3, and, as has been explained, it puts in evidence the 
value of the function for any or all values of x considered. The lines 
XOX, UOU’, to which the measurements determining the graph have 
been referred, are called the axes. 

Consider now the expression ax+6. Here it is supposed that a 
and 6 are constants, and that x is a variable, so that ax+ 6 is a 
linear function of x. The numbers a and 6 may have any values, but, 
whatever be these values, they are constant. The expression ax+ 6 is 
thus the general linear function of x. For any given values of a 
and 6 the graph of az+6 may be constructed, and can be seen to be a 
straight line. 


An expression as 
22-3 


3a —-5 


in accordance with what has been stated, is a function of «. It is also 
a linear function of x as in it x appears in the first and no higher 
degree. Here, however, x occurs in the denominator, or, in other 
words, the function is fractional in its relation tox. On this account 
it is said to be a fractional linear function of x, while a function as 
ax +b is said to be an integral linear function. 
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would make 2 - 3 equal to any given number. The graph constructed 
in the preceding Art. puts this in evidence, as well as the fact that 
when 2a2-—3=0, the value of x is 1}. 


Not infrequently there present themselves equalities which are not 
equations like the one considered, in that they do not require that x 
should have a definite value, but hold for all values of x. Such, for 
example, is the relation 


(x+1) (a-1) —(a-1)=0 
or, which is the same thing, 
(2+1) (a@-1) =a2?-1. 


If the implied multiplication is performed it is seen that the equality 
holds whatever be the value of 2, or, in other words, that (x +1) (x - 1) 
and «?—1 are two different forms of one expression. Such an equality 
is generally called an identical equation or an identity, so that 
when the term equation is employed it is to be understood in the sense 
first explained. 


EXERCISES 


1. Construct the equations pertaining to the following problems : 


(1) Find two consecutive integers such that their product will exceed 
the square of the less by .13. 


(2) A father is three times as old as his son, but in 15 years he will 
be only twice as old as his son. Find their present ages. 


(3) A can run 100 yd. in 10 sec., and Bin 11 sec. They start together 
in a race of 100 yd. At the end of what time will A be midway 
between B and the winning post ? 


2. Shew that the following problems lead to identities, stating in each 
case the inference to be drawn from this fact : 


1) Find three consecutive integers such that the product of the 
8 P 
greatest and the least is less than the square of the mean integer 
by unity. 


(2) Divide a straight line of given length a (units), so that the square 
on the given line may be equal to the squares on the two parts, 
increased by twice the rectangle contained by the parts. 
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4. The Quadratic Expression. Consider the expression 
— 40 + 3. 


In this expression, the numbers - 4, 3 are constants and the number x 
a variable. To each value of x corresponds a value of the expression. 
Thus, if x is assigned the values 


— 4], 0, im ay wees 
the values of x? ~ 4x+ 3 are found to be 
Oy li a ee 


The expression x? — 4x + 3, for reasons already given, is then a function 
of x. It is further described as a function of the second degree, or 
a quadratic function as in it x occurs to the second power, and not 
to any higher power. The function is integral since x does not appear 
as a denominator or as making part of a denominator. If the value of 
the function is denoted by wu, then w is a variable, and a graph may be 
constructed which will exhibit, the dependence of « upon 2. 


The graph is not a straight line, as in the case of the linear function, 
but a curve which is called a parabola. It is to be noted that the 
curve is symmetrical about a line at right angles to the axis X’'OX 
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EXERCISES 
1. Construct the graphs of the following functions : 
a, 2? —-1, vw? -x+6, x1? - 243. 
In each case find the minimum of the function and the value of « which 
gives this minimum. 
2. Construct the graphs of the following functions : 
~x2?+x2—-6, —x, —2?+1, 34+2x—2?. 
In each case find the maximum of the function and the value of x which 
gives this maximum. 
3. Construct the graphs of the following functions : 
2x? — 3x —5, 3x?-5a+7, 44+5x —2x?, 
In each case find the minimum or maximum of the function and the corres- 
ponding value of «x. é 
4. Construct the graph of the fractional quadratic function 


xn? — 2-2 
x? — 5a +6 


for values of x between —2-and +4. 


5. Quadratic Equations. Suppose that the solution of the 
following problem is required : ; 


Divide the number 4 into two parts such that the sum of the parts 
exceeds their product by 1. 


If one part be the number 2, then the other part is 4 — a. 
The sum of the parts =x+(4—«)=4. 
The product of the parts =x (4-2). 
"4-2 (4-a)=1 
., w@-4e4+4 =1 
., @—4e+3 =0. 
In this quadratic equation, x is presumably not a variable but some 


definite number, an unknown as yet. We are to seek the value of « in 
this equation, or, in other words, to solve the equation. 
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Then must 
b Cc 
fan eal eh = 
a( x +o +-)=0 


a[(a+ e+75)- (aR Fy | 
saflen ole 


a (a+? a 100) (04 5 ati =) 0 


b+ \/b? — 4ac b — 7/b? - 4ac 
or a (2+) (os! W Fo 
This last equation is then satisfied by those values of x which satisfy 


the proposed equation and conversely. Now, in order that this last 
equation may be satisfied either 


b+ 1/0? — 4ac ‘ 

(1) — >, must equal zero, which requires that. 
_ an 0? — 4ac, 

2a 
or 

b b?- 4 

2) a+ dei AES must equal zero, which requires that 
ee Ot b? — 4ac, 


2a 


Plainly any value of x other than these will give to the factors 
on the left a value different from zero, so that the expression on the 
left cannot vanish. Accordingly, 

The general quadratic equation has two and only two roots. 


From the solution above given it is plain that the factoring of the 
expression ax?+bx+c, and the solving of the equation ax? +bx+c=0 
are, equivalent problems. The quadratic expression can always be 
presented as the product of two factors linear in x and, it may be, an 
additional factor not involving x; the quadratic equation is solved 
by replacing it by two linear equations. This relationship of the 
expression and the equation may be brought out otherwise, as follows. 
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In this case the solution of the equation would have been as follows : 


av2+ba+c=0. 


afarsca+e}=0 
a a 
b2 — 4ac 
° 2 = 
af (t+ 20475) - (a ~ 4a? ) ° 
Wo+ 2 ” ag: since 6? — 4ac=0. 
t 


The expression ax? +bx+c is then a perfect square, except for the con- 
stant factor a, i.e., is a perfect square in its relation to x, and the 


equation ax? +bx+¢=0 has two equal roots, each being — 2 ; 
a 


The solution of the quadratic equation leads to two remarkable 
extensions of the number concept. The numbers first employed were 
those that came to be called integers, as 1, 2, 3,..... The operation of 
division, arising through the solution of the linear equation, led to 
fractional numbers, as 2, #7, ..... _ Also, algebra, dealing with general 
numbers, led naturally to the introduction of negative numbers as 
distinguished from positive numbers. We are now led further to 
extend the domain of number. 


For first, consider the equation, 


x? + 3e—-1=0. 
The roots are found to be 


—3+7/13 ee AS 
2 
The square root of 13 cannot be exactly found, 7.e., cannot be expressed 
as a positive or negative integer or fraction, though it may be found 
to any degree of accuracy. Also, a line or other magnitude can be 
constructed which would have for measure the square root of 13. We 
are thus led to call 7/13 a number, an irrational number, in con-- 
trast to positive or negative integers or fractions which are rational 
numbers. Indeed, it is only after admitting the square root of 13 to 


be a number that we can say that the equation x?+3x2—1=0 has two 
roots. 
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EXERCISES 


1. Resolve into linear factors : 
we +7e-5; 2x*- Ta+5; 
3 —5a—4a?; 7x?-1lxe+5. 


2. Solve the equations : 
e’?—Tx+3 =0; 3x7- 4dxa-—5 =0; 
7 —3a2—52?=0; 3x2?-1lx+21=0. 


3. Without solving the equations, determine the character of the roots— 
whether real or imaginary, and if real whether positive or negative—of the 
following : 

0? —9x+3=0;. 207- Txa- 5=0; 
227 +5xe+1=0; 3x?—152%+10=0. 


4. Construct the equation whose roots exceed those of the equation 
2" —7x24+-3=0 by 1. 


5. Construct the equation whose roots exceed those of the equation 
ax*+bx+c=0 by h. 


6. Construct the equation whose roots are twice those of the ‘equation 
x? —5x+3=0. 

7. Construct the equation whose roots are m times those of the equation 
x? +-pxc+q=0. 

8. Shew that each root of the equation ha?+2kx+h=0 is the reciprocal 
of the other. 

9. If m and n are the roots of the equation 2x?—7%x+3=0 construct the 
equation whose roots are 


(1) m? and n?; (2) i and 4 ; (3) mn and mn’. 
m nN 


10. If m and n are the roots of the equation aa?+bx+c=0 construct the 
~ equation whose roots are 


(1) m? and n?; (2) mab ; (3) = and = 
m n m 


ne? 
(4) m3 and n®; (5) mn and mn?; (6) ™ and”. 
” 
y 


11. Find the condition that the equations «?+ px+q=0 and 2?+rx+s=0 
may have a common root. 


12. Find the conditions that the two equations 
ax’? +be+c=0; pa?+qu+r=0 


may have the same roots. 
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Lemma. Let f(x) be any polynomial in x; when f(x) is divided 
by «—m the remainder will be f(m), v.¢., the result of substituting m for 
x in the polynomial. 

Suppose /(x) divided by x-—™m, in the ordinary way, the division 
terminating when a remainder not involving x is reached. The 
quotient will be a polynomial, which denote by g(a), and the remainder, 
which denote by 7, will not involve x Then from the meaning of 
division we have 

S(2) = g(a). (w@-m) +r 
an equality which holds for all values of x Put, then, «=m and it 
follows that 
fon) = 9m). (m= m) +r 
= 
Thus 7, the remainder, is the result of ie a m for x in the poly- 
nomial. 


Theorem, Let f(x) be any polynomial in x; then, if m is a root of 
the equation f(x)=0, must «—m be a factor of f(x). 


Since m is a root of /(x)=0, then f(m)=0. Let, now, f(x) be 
divided by x—m ; as has been seen, the remainder is f(m). But /(m) 
is known to be zero ; therefore, the remainder is zero, and consequently 
x—m is a factor of /(x). 


The proof of the converse theorem is immediate. 


Ex. 1. Solve the equation 
— 8x?+15=0. 


This equation is of degree 4 in the unknown «x, but if x? is regarded as the 
unknown the equation is quadratic. Then 


(ac?)? — 8(2c7) + 15=0 ; 
which is satisfied if x?=3 or if «?=5, 
ie., if c= +/3, or ife=+/5. 
Thus, the given equation of the fourth degree has the four roots + J2; = ae 


+ /5, —./5, and the polynomial «*~ 8a:?+15 expressed as a product of 
linear factors is 


(0 — 9/3) (+ /8) (ae — 5) (at /5). 
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Divide each side of the equation by x’; this is permissible since x is a 
root of the equation and it is seen that x«=0 is nota root. Then 


fevedeodiaa 1413 125 
Ay a? 
12( w+, ) +4(2+2) -—41=0, 
8 Ys a 


Now ott differs from the square of a+ by 2; supply then 2 within the 
x x 
brackets of the first term, 7.¢., virtually 2 x 12, and correct by subtracting 24. 
Then ; 
‘ 
12( x +2) +4( 2+ +) -65=0. 
; x x 
If a ‘be regarded as the unknown this last is a quadratic equation. By 
x 


solving it is seen to be satisfied by 


Yr 13 ie eo 
= 6? “te = 
Take (I) eps 
x 6 
2 2 3 
6a? — 13x+6=0, whence as or a 
Take (II) oe aes 
a 2 


2a? -+5x2+2=0, whence x= —2 or -5 . 
Therefore the equation has the four roots 
3 2, -2, —$. 
The equations I and II both being of the form 
ep ls! 
x 
or, when reduced, of the form 
x? —ke+1=0 


will have the product of their roots equal to 1, 7.e., each the reciprocal of the 
other. On this account an equation of the type proposed will have roots 
which. fall into pairs of reciprocal numbers. Such an equation is called a 
reciprocal equation. 
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Denote //2?+3x—-1 by u. 
~ Qu? -w-15=0. 


which is a quadratic in u. 


- usd or —§. 
Take (I) w=3. 


» ~xv+3xe- 1=3 


e?+32- 1=9 
x +32 -10=0 
x=2or ~—-5. 


Take (IT) u= - $. 
. Yui+3e— l= -§ 
5 


peor Vee. 
; 2 


Thus, the original equation, virtually of the fowrth degree, has the four roots 


— 34/88, —9= 4/36 
a eae 2/38 
2 2 
Of these roots, only the first two satisfy the equation if in evaluating 


yx?+3x-1 we take only the positive root. The solution does not regard 


this limitation, and in its larger sense the equation should be said to have 
four roots: 


EXERCISES 
Solve the following equations : 
1. 10x*— 29a:?+21=0. oa oS 
2. 3524 — 3923 — 4a? - 392+35=0. 
3, (+3) (@+4) (w+5) («+6)=5040. 
4. (2x+1) (a@-3) - f2?+oa (a-5)+11=16. 
De mee gle ee = 25 . 
4+? 32 12 
ag 
Oe ee - 1602-824-19-0, 


=P 


6 
7. «f-1=0. frolnow 
8 
9 


y= 


. (x?+ 7x - 5) (a +3) (2 +4)=1060. Ee—* 7? 3 
. %x+20- Ya +1=1. 
10, (@+3)?- Y(@+1) (@ +5) +25 =89, - 
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at the same time. Since we now suppose x and y to denote any such 
values, the x and the y in the two equations are the same. Multiplying 
both sides of wy by 2 and both sides of (2) by 3 we have the equivalent 
set 

4os + 6y = 26 (3) - 


9n+6y=36. (4) 
Therefore, by subtraction 
5x=10 


or a= 2, 


Substituting this value of x in either equation we find the value of y to 
be 3, so that x =2, y=3 is the only solution common to the two equa- 
tions. Thus, the two linear equations in x and y serve completely to 
determine the values of x and y. 


In the same way the two general linear equations in two unknowns 
ax + by =c, 
ax+b'y=e', 
‘are seen to have one and only one solution, namely, 


cb’ — cb ca’ — ca 


‘ab'—a'b’.” ba -b'a 


oe 


If it is a question of linear equations in three variables, a similar 
examination will shew that : / 

(1) One linear equation allows any values whatever to be assigned 
to two of the variables, these two values determining that of the remaining 
varvable. 

(2) Two linear equations allow any value whatever to be assigned 
to one of the variables, this value determining those of the remaining 
_ varvables. 

(3) Three linear equations determine completely the values of the 
three variables. | 

These statements are made on the supposition that the equations 
are independent and consistent. Thus, the equations 


xt+2y-— z2=3 
2e+4y —22=6 
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From the linear equation 


Therefore, by substitution in the quadratic equation, 
3y+ 3\?_ (3y4+3 . 
() (5 = )y + 2y¢4 US dy =", 
or 1ly?+2y-—13=0, 


a quadratic in y, as was easily foreseen. 


. y=lor —}%. 


If y=1, x, which equals = 3 , is found to be 3. 


If y= — 43, x which equals ee , is found to be — #4. 


The solutions then are 
(x=3, y=1), (w= - 8 y= - 12). 


Any system of equations of the kind in question will, then, admit two 
solutions, 


Ex. 2. Solve 
22:7 — dary + me: (1) 
e+ cy—2y?=7 
The two equations are here quadratics. In general, two such equations can 
be solved only by solving a general equation of the fourth degree. The 
equations given are, however, of special form in that they contain no terms 
of one dimension. 


Since the equations are presumably satisfied by some values of x and y, 
the value of y will be equal to the value of «x multiplied by some number, 


not yet known. We may put, then, 
y=mx (2) 
where m is a new unknown. 


Substitute in the given equations: then 


2x? — 4m? + 3m2a? = : (3) 
e+ mas — 2m?a? =7 
or 
02 — 4m + 3m?) = oe (4). 
x?(1-+m — 2m?) =7 


Then, by the division of equal quantities, 


2-4m+3m? 


me 
1+m-2m? 7 
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EXERCISES 
Solve the following systems of equations : 
i, ety= 7, 
— a? + Say — By? + 2a —-y=12, 
2. x+y= 8, 
a x? + y*? = 34, 
3. 2?+xy=30, 


Z 6x?-y?= 5, 
4, 2a? —-3xy+5y?=7, 
oe? + dxey—l1ly’=3. 
5, x+y? =189, 
xty= 9. 
6. xt+a*%y?+y*=21, 
a +aeyty'= 7. 


AL 


ie 3a+4y=18, 
2x? -Txy-—y’?+5xe+1ly= 0. 
8. xy =42, 
(ot +y?=85, 


9, 4x+6y= xy, 
12% +9y = 2xy. ms 
10. 2(x?+y?)-—3(a+y)= 5, 
4ey=15. 
11, 3xe+5y =4x?-6y’, 
224+ 12y=2?+y?. 


t 
fA 


= EXAMPLES 


1. Plot the curve (7.¢., construct the graph) of the function 
a3 — 2a? — Ba + 5 
for values of x between — 3 and 4, and state any inferences as to the 
nature and value of the roots of the equation | 
x? — 2x? - 5x +5=0. 
(Nore.—Denote the function by y in place of u as earlier. The 


axes will be X’OX, YOY’, the former the x-axis and the latter the y-axis 
for measurements determining the curve.) 
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7. Plot the curve of the function 
3 — 5a?+1lla—14 


between x=0 and «= 4, and obtain an approximate value of a root of 


the equation 
x? — a7 + 1la—-14=0, 


8. Find the values of m if the equation 
(m—1) x? -(4m+4+ 4) «+(7m+4+1)=0 
is known to have equal roots. 
9. One root of the equation 
a* — (k+1) «+(2k+1)=0 


is known to exceed the other by 2. Find the values of & and find the 
roots that meet this condition. 


10. The difference between the roots of the equation ax? + ba +c = 0is 
equal to the difference between the roots of the equation px? + ga+r=0, 


shew that 
p* (b? — 4ac) = a? (q? — 4pr). 


11. Solve 
(x+3) (x+5) (+7) (+9) = 3465. 
12. Solve 
| Qa? + 6a —41 = 1/02 + 3x47. 
13. Solve 
94 — 51x? + 882? —-5la+9=0, 
14. Solve 
c= 1, 
15. Solve 
e® = 1. 
16. Solve | 
3a? — Say —-Tx+1lly+14=0, 
4e- y- 7=0. 
17. Solve 
xyt+x+y=11, 
xy (x+y) = 30. 
18. Solve 


xu? + 2ay = 16, 
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RATIO AND PROPORTION 


1. Preliminary. ‘When two different numbers, as for example 2 
and 3, are given, the fact of difference may be regarded in different 
ways. Thus, we may say that the absolute difference is 1, meaning 
that 2 is less than 3 by 1, or that 3 is greater than 2 by 1; or we may 
consider the relative values of the two numbers and say that 2 is two 
thirds of 3 or that 3 is three halves of 2. In regarding two numbers 
in this latter way we arrive at the concept of ratio, and we see that 
the ratio of 2 to 3 (in symbols 2:3) is expressed by the fraction 2. 


The ratio of two numbers being expressed by a fraction, we may 
speak of the value of a ratio and may study the properties of ratios in 
the fractions by which they are represented. Indeed, all the theorems 
proved witlr respect to fractions are theorems in ratios. 


In the ratio 2:3, the numbers 2 and 3 are called the terms of the 
ratio, the former the antecedent, and the latter the consequent. 


If two numbers are equal we still speak of their ratio; this ratio is 
expressed by the number 1 and is called a ratio of equality. A 
ratio of two positive numbers in which the antecedent exceeds the 
consequent is called a ratio of greater inequality; one, in which the 
antecedent is less than the consequent, a ratio of less inequality. 


One ratio is equal to, greater than, or less than another according 
as the fraction which represents that ratio is equal to, greater than, or 
less than the fraction representing the other ratio. When two ratios 
are equal the four numbers in order are said to be in proportion. 
Thus, 2, 3, 10, 15 are in proportion since 


2 
215 
The statement of the proportion in symbols is 


9:3::10:15 


“a 
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zero according as 6 is greater than, less than, or equal to, a. Thus, the 
ratio a:6 has been increased if b is greater than a, i.e., if the ratio is 
one of less inequality ; diminished, if 6 is less than a, 7.2, if the ratio 
is one of greater inequality ; and unchanged if 5 is equal toa, «e., if 
the ratio is one of equality. 


(II). [fa:b and c:d are two unequal ratios of positive quantities, the 
ratio a+c:b+ds intermediate in value to these two ratios. 


The given ratios are expressed by 
ac 
bad 
Let ; be the greater of these fractions and denote its value by &. Then 


Also 


c<dk 
“. at+c<bk+dk, 
1.€., a+c<(b+d)k 


In like manner 


Therefore, the ratio a+c:6+d lies in value between a:b and c:d. 

This theorem can easily be generalized. 

(III). Jf four quantities are proportionals, the product of the 
extremes is equal to the product of the means. 


Let a:6::c:d; it is required to prove thatad=bc. It is given that 


Lg OM 
a 

Multiply each side of this equality by dd. Then 
ad = be. 


Conversely if ad =be then shall a:b::¢:d. 
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The theorem may be stated thus: 

If two fractions are equal, each is equal to the quotient of the sum 
(or difference) of any multiples of their numerators by the sum (or 
difference) of the same multiples of corresponding denominators. 


la+mb lc +md 


pat+gd pe+gqd’ 


(V). If 5 = 9? then 


Since ; =;it follows that © se .By theorem (IV) each of these 
a c 


Bag as also to Beat ge 

le + md pe + qd 
. lat+mb pat gb 
“* le+md- pe+qd 


latter is equal to 


. lat+mb le+md 
" pa+qb pe+ qd 
The theorem may be given verbal statement. 


3. Illustrative Examples. The following examples may repay 
study : 


Ex. 1. If ax -— by=0, find the ratio of x to y. 


Since 4 
ax —by=0, 
it follows that 
ax = by. 
Therefore, dividing each side by ay, we have 
ee 
y 
Z. Cus ie .. 


Thus: A homogeneous linear equation in x and y, t.e., one which, when 
brought to the form in which zero is the right number, has every term of 
one dimension in « and y, while allowing « and y each to have different 
values, determines the ratio-of x to y. 


ee. Cowl 
ax +by+cz=0 
and petqytrn= 
find the ratios x;y :2. 
Here we have two homogeneous linear equations in x, y, z As has been 
seen two such equations do not determine «, y, z, and x, y, z may vary while 
satisfying the equations. 
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Substitute in the third of the given equations. 
“. 16k?+50k?- 49k? ==68 
: Kem 4 
k=+2o0r — 2 
.. the solutions are 
(@) @= $8, y=~ 10,2z=> 14); 
(2) (a= -8, y= -10, z= —14). 


EXAMPLES 
]. If 12”? - 4lay + 35y?=0 find the ratio of x to y. 


2. For what value of « will 5+, 7+, 114+ be in continued 
proportion ? 


3. Find the number which added to each term of the ratio 5:8 will 
yield the ratio 4:5. 


4. The lengths of two rectangles are in the ratio a:a’; their 
breadths are in the ratio 6:6. Find the ratio of their areas. 


5. Find the mean proportional between 12 and 75. 


6. If 


¢ a then will 

b 6d 

1) a’b + ab? c*d + cd? 
( nl 2 ; 


3a!9 + 7619 3¢l9 + 7g 10 
a°h® ~ bd 


(2) 


Shew that these are illustrations of the theorem: ip 7 = 5 then any 
( 


Sraction formed with numerator and denominator homogeneous in a and 
b will be equal to the fraction similarly formed of c and d. 
7. Tf ; - then 
1 ma? + ne? ac 
(1) mb? +nd? bd’ 
, 3a? + 5c3 4a2c + Tac? 
(7) 3554 bd ~ Sita + That 


CHAPTER III 
VARIATION 


1. Preliminary. In the applications of algebra there frequently 
present themselves quantities which are undergoing or may be supposed 
to undergo change, so that the numbers which measure them are vari- 
ables. Any problem concerned with such variable quantities will 
involve two or more variable numbers, and these numbers are related 
so that a change in any one will cause at least one other number to 
change. That part of the subject which has to do with such related 
variables and the laws of their dependence on one another is called 
variation. 


The following illustrations should be examined in order that the 
formal] theorems may be more readily understood. 


Illustration 1. An observer on a railway train notes that at a 
certain instant he is passing a mile-post; at the end of 14 minutes he 
notes that he passes the’ next mile-post, at the end of 3 minutes the 
next, at the end of 44 minutes the next, at the end of 6 minutes the 
next, and at the end of 74 minutes the next. What inference is to be 
drawn as to the motion of the train? 


Let s (miles) be the distance travelled by the train in ¢ (minutes) 
from the time when the observation began. As time passes ¢ changes 
and s varies with ¢, or, in other words, a change in ¢ necessitates a 
change in s. 

Now let us take note of the observed facts. When ¢ changes from 


4 
14 to 3, s changes from 1 to 2, and, as aE the change in s is pro- 


portionate to the change in ¢; next when ¢ changes from 3 to 44, 

s changes from 2 to 3, and as = = the change in s is proportionate to 
2 

the change in ¢, and so for the other given values of sand ¢. It thus 

appears that the change in s is proportionate to.the change in ¢, and 


we infer that the train is moving uniformly. 


a 


VARIATION 43 


to pressure 28 so that when the pressures are as 2:3:4 the volumes 
1 ae 


are as a gia Here v is said to vary inversely as p and we write 


Va-. 
ji 
2. Theorem. The following theorem is the one fundamental 
proposition for the case in which appear only two variables of which 
one may be called the dependent, the other the independent variable. 


Tfy«x, and if x be allowed to vary, then the value of y corres- 
ponding to any value taken by x is equal to the product of that value of 
x and some constant number, t.e., a number which, as x and therefore y 
change, does not change. 


Here x and y are the measures of quantities so that we may speak 
of the ratio x:y while it might not be permissible to gies of the ratio 
of the quantities measured by them. 

let x take any values 2,, X,, X3, Uy, --5.. and let the corresponding 
Weesor y be Y,, Yo, Ya Yur +--+ 

Then since ya x 


yy 
Oe O28 
oie 92. 
i a) 
Similarly ie 23 9 oT ey .. 
a ae 
+ "Mince ine ees 94 


= eee — —__.. 
=  — na — a 


it follows that, as x and therefore y change, the ratio of y to x does not 
change, 2.¢., 


Y—k(a constant) 
a 


5 ae 
as it was required to prove. 


Conversely : [fy and x are two related variables and if, as x and 
therefore y change, y= ka where k is a constant, then ya. 
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If t=1, s=16'1. 
 161=kxL? 


k=16°1. 


Thus the relation connecting s and ¢ is 
§=16°177. 


If t=3, s=16°1 x 3?=144°9, and the space through which the particle 
falls in 3 seconds is 144°9 feet. 

Similarly, in 2 seconds the particle falls through 16°1 x 2? or 64:4 feet. 
Therefore in the third second the particle falls through 144°9-64°4 or 80°5 
feet. 

Ex. 8. The volume of a gas under change of pressure varies inversely as 
the pressure. The volume of a certain quantity of gas under pressure 15 
(pounds on the square inch) is 96 (cubic feet). Find the volume under a 
pressure of 18. 


Let v and p measure the volume and the pressure in the units indicated. 
Then 


yoo 


1% 


Sore 
p 


where k is a constant whose value is not yet known. 


If p=15, v=967 


F 962 
15 


k=15x 96 
v=15x 96.4, 
Pp 


Therefore, if p=18, v=15 x 96x = =80 and the volume of the gas under 


pressure 18 is 80 cubic feet. 


EXERCISES 


1. The area of a circle is known from geometry to vary as the square of 
the radius. The area of a circle of radius 3} is found to measure 38°5. Find 
the formula for the area of a circle. 


2. The surface of a sphere is known to vary as the square of the radius. 
A sphere of radius 1? is found to have a surface area of 38°5, Find the 
formula for the area of the surface of a sphere. 
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First, suppose 6 to change to 6’, h not changing, so that the 
rectangle ABCD becomes the rectangle AEHD, and let the area of 
AEHD be A,. In this change the base has changed, the altitude not 
changing, and therefore by what is given 

A 90 


= = I). 

Next, suppose A to change to h’, b’ not changing, so that the 
rectangle AEHD becomes the rectangle ABCD. In this change the 
altitude has changed, the base not changing, and therefore by what is 
given 


ae § (1) 


Therefore from (I) and (IT), by multiplication, 


Dy te bk 
7 Cae deal es 

or ey ee 
A’ OO 


Thus, if b and h both change in any way the change in the product bh 
is proportionate to the change in A and therefore A varies as bh, or the 
area varies as the product of (the measures of) the base and the altitude. 


The preceding is a simple illustration of the following theorem, the 
proof of which may now be briefly stated. 


Theorem. Jf x is variable depending for its value on the two vari- 
ables y and 2, which are independent of each other, and if xray when z 


is constant, and xz when y is constant, then xayz when y and z both 
vary. 


Let y change to any value 7’ and z to any value 2’ and as a result 
suppose « to change to 2’. First suppose y to change to y’, 2 not 
changing, which is possible since y and z are independent, and suppose 
that as a result « changes to a,. 


MMien, (22,4, 2), yy’, z), (x’, y, #) are three sets of corresponding 
values of the variables, 
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Hx. 2. It is shewn in works on geometry that the volume of a cone varies 
as the square of the radius of the base when the altitude is constant and as 
the altitude when the base is constant. A cone of height 1 and with a base 
of radius 1 is measured and found to be 3%. Find the formula for the volume 
of a cone. 


Let v, h, r measure the volume, the altitude and the radius of the base of 
the cone. Then 
yecr* when h is constant 


also va«h when 7? (or 7) is constant 
. vohr? 
, B=kinr, 

where k is constant. 


If r=1 and h=1, we are given that v=? 


Zi2 2 

g2=k.1 x 1 
k= 
v= 33 hat, 


the formula required. 


Hix. 3. The volume of a gas depends upon the temperature and the~ 
pressure. In works on physics it is given that the volume varies as the 
absolute temperature when the pressure is kept constant and inversely as 
the pressure when the temperature is kept constant. The volume of a 
certain quantity of gas at absolute temperature 273 and under pressure 14 
(pounds on the square inch) is 78 (cubic feet) ; find its volume at temperature 
300 and under pressure 20. 


Let v, t, p measure the volume of the gas, the absolute temperature and _ 
the pressure: Then 


1 ‘ 
voc—, when ¢ is constant ; 


aso vat, when us (or p) is constant. 
Pp . 


where k is constant for the quantity of gas in question. 
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EXAMPLES tA 


1. The velocity (v) of a heavy particle falling freely from rest varies 
as the square root of the distance (s) through which the particle has 
fallen. If when s=16-1 (ft.) it is found that v= 32-2 (ft. a sec.) find 
the equation connecting v and s. 


2. The electrical resistance of a wire varies directly as the length of 
the wire and inversely as the square of the radius of the cross section. 
If, when a copper wire is 1m. long and 1mm. in diameter, the resistance 
is 0:02 ohms, find the resistance of a copper wire 7m. long and 1‘5mm. 
in diameter. 


3. It is shewn in works on geometry that the volume of a pyramid 
varies as its base when its height is constant and as its height when its 
base is constant. A cube may be divided into six equal pyramids, each 
having a face of the cube as base, and the centre of the cube as vertex. 


From these facts obtain the general formula for the volume of a 
pyramid. 


4. The value of w depends only on the values of the three inde- 
pendent variables 2, y, z. If it is known that waa when y and z are 
constant, that way when z and x are constant, and that w«<z when x 
and ¥ are constant, shew that waa«yz, when x, y and z vary. 


Illustrate by reference to the volume of a rectangular parallelo- 
piped. 
5. If yaa shew that x?+y?axy and construct an illustration, 


6. If x varies as y and inversely as the square root of z, and if, 
when y is 5 and ¢ is 4, the value of « is 15, find the value of x when 
w—/ and z= 9. 


. If y varies as the sum of two quantities, of which one is constant 
and ae other varies as the square of a, and if y=4 when x=1, and 
y= 28 when x=5, find y when «=3. 


8. Given that y varies as the sum of two variables, one of which 
varies as x and the other ey as x, and that y=19 when «=3, 
and that y=11 when x=2, find y whenv=1. © 


CHAPTER IV 


SERIES 
A sequence of numbers as 
es ae 20. Cree : 
or 
el Wages 1 Sei Fee 
or 
GP aue 48 >. . 


or 
rie 1t It Ff 
oD Be Be Be 


in which the successive numbers are formed according to some law, is 
called a series. 


As a rule, the numbers of a series will be connected, each to the 
preceding, by the sign+or-—; and the individual numbers with their 
signs will be called terms of the series. 


I 
ARITHMETICAL SERIES 
1. Definition. It is readily seen that 


2+54+8411+4..... 


is a series, each term being formed from the preceding term by the 
addition of 8. Thus, consecutive terms differ by the same number, or, 
in other words, the difference between consecutive terms is constant. 
Such a series is called an arithmetical series, or an arithmetical 
progression which may, therefore, be defined as follows: 


An arithmetical progression is a series in which each term rs formed 
from the preceding by the addition of the same quantity. 
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progression of which the first term is 11 and the common difference is 3. 
But however many terms we construct we cannot say absolutely, on the 
evidence afforded by these terms, that for terms not constructed the law 
continues. 


We may, however, reason generally and more briefly thus : 


The nth term=3n+5, whatever value be assigned to n. 
.. the (v-1)th term=3(n—1)+5. 


Then the difference between the nth and the (n—1)th term is equal to 
(3n +5) —3(n—1) -5 or 3. 


Now v is any number; therefore the difference between any and therefore 
every two consecutive terms of the series is 3, so that the series is an 
arithmetical progression. 


EXERCISES 
(Note: In the exercises, A.P. will be employed as an abbreviation for arith- 
metical progression. ) 
1. Find the 47th and the nth term of the following series : 


(1) 14+34+54+7+..... 

(297 -£184+19+4+25+ ..... 
Beh +-21417+ ..... 
(4) 944+814+684+55+ ..... 


In each case after finding the nth term test the result by finding from it the 
first four terms. , , 


2. The 7th term of an A.P. is 23, and the 15th term —17; find the 
series, its 23rd term, and its first negative term. 


3. Find three numbers in A.P. such that the third is 7 times ae first 
while the product of the first and the third exceeds 5 times the second by a 
quantity equal to the first. 


4. How many multiples of 13 are there between 300 and 700? 
5. Shew that the series formed by taking every fifth term of the A.P. 
14345474 ..... 
is also an A.P. 
6. Shew that the series formed by taking every seventh term of the A.P. 
a+(a+d)+(a+2d)+(a+3d)+...... 


is also an A.P. ‘ 
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In like manner we may have the problem of inserting any number 
of arithmetical means between two given numbers. 


Ex. Insert 7 arithmetical means between 5 and 29. 


Here 5, the 7 means sought, and 29 make up 9 terms in arithmetical 
progression. Let x be the common difference in this series of 9 terms. 
Then, the first term being 5, the ninth term equals 5+8x, which must equal 
29) 1.¢., 


5+82=29 
8x = 24 
x= 3 


Thus the means are 
8, 11, 14, 17, 20, 23, 26. 


The general problem is : 
To insert n arithmetical means between a and b. 


Here a, the n means sought, and 6 make up n+2 terms in arith- 
metical progression. Let x be the common difference in this series of 
n+2 terms. Then, the first term being a, the (n+2)nd term is 
a+(n+1)e which must be equal to 8, we., 


a+t(n+1)ce=b 
2. (n+)lje=b-a 


b-—a 
: i 
n+l 
Thus the means are 
b-a b-a b-a b-a 
+ a, eaceve -1 Ser | 
a ay a+ Fi ,»a+(n—1) i ere 
or, in simpler form, 
nat+b (n-—1)a+2b 2a+(n—-1)b a+nb 
n+l’ a+ te “atl “n+1- 


Since 2 has not any assigned value, it is not possible to write down all 
the means, but, the law of formation of successive means being known, 
we can regard all the means as found. 
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Let s denote the sum sought : 
s=at+(a+d)+(a+2d)+..... +(1 —2d)+ (1 —d) +1. 
= 1+(1 —d)+ (l-2d)+..... + (a + 2d) + (a+ d) +a, 


the terms being written in reverse order which does not affect the sum. 
Therefore, by addition, 


9s =(a+1)+(at+l)+(atl)+..... +(at+l)+(at+)+(a+)), 
2s=(a+l)xn, 


since there is one term a + / for each term of the series. 
s=% (atl) (I) 
Further, putting for / its value in terms of a, d, n, we have 
ay (IID 
$= 5) 2a+(n-1)d ) 
The formule (JZ) and (/JZ) should be given verbal statement, and 
committed to memory. 
The following examples may be examined : 
Hx. 1. How many terms of the series 


214+35+49+..... 


“ae 


must be taken to yield the sum 336? 

Let » be the number required. Then, the first term being 21 and the 
common difference being 14, we have, quoting the formula for the sum of % 
terms of an arithmetical series, 


V1) 
Oe 21 hn Saya fe 
: {2x 21+ (n 147 =336 


. (Tn + 14)=336 
* n?+2n-—48= 0 


whence n=6 or —8. Plainly the result must be a positive integer so that 
the number sought is 6. 

It is to be remarked that if the 6 terms which yield the sum 336 be written 
down, and if, starting at the last term, we write down 8 terms in the inverse 
order of the series, the sum of these 8 terms is 336. This is not an interpre- 
tation of the negative root — 8, but an indication of a closely related problem 
in which the number +8 is significant. 
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4, In the general A.P. of n terms, 
at+(a+d)+(a+2d)+ ..... +(a+n -1d) 


Shew that the sum of the rth term from the beginning and the rth term from 
the end is equal to the sum of the first and the last term. 


Hence shew that one-half the sum of the first and the last term is the 
average of the terms and derive the formula for the sum of » terms of 
on A.P. 


5. How many terms of the series 
444364284 ..... 
must be taken to yield the sum 128? 
Comment on the two results. 
6. How many terms of the series 
21+17+1349+ ..... 
must be taken to yield the sum 65? 
Comment on the fractional result. 
7. How many terms of the series 
20+17+14+..... 
must be taken to yield the sum 76? 
Comment on the fractional root. 
8. How many terms of the series 
18+22+26+..... 
must be taken to yield the sum 210? 
Comment on the negative root. 
9. How many terms of the series 
8+25+42+ ..... 
must be taken to yield the sum 1430? 
Comment on the negative fractional root. 


a 10. The nth term of a series is 5n+7 ; shew that the series is an A.P., 
and find the sum of r terms. 


| “a 11. The sum of 12 terms of an A.P. is 138 and the sum of 19 terms is 
988 ; find the series and the sum of 26 terms. 
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12. Shew that the sum of an odd number of terms in A.P. is equal to 
the product of the middle term by the number of terms. 


13. Find the sum of all multiples of 23 between 100 and 700. 


14. The sum of n terms of a certain series is 7n?+11n, whatever be the 
value of n; find the rth term and shew that the series is an A.P. 


15. Three integers are in A.P. ; their sum is 24 and the product of the 
first and the last is 9 less than the square of the middle number. Find the 
numbers. 


16. In acertain A.P. the first term is 29 and the last term 107 ; the sum 
of the terms is 952. Find the series and the number of terms. 


17. Construct an A.P. such that the sum of 7 terms is equal to the sum 
of 11 terms, the common difference being 2. 


18. If the pth, gth, rth terms of an A.P. are a, b, c respectively, shew that 


(q—r)a+(r—p)b+(p—qec=0. 


19. A heavy particle, allowed to fall freely from a height, falls through 
16‘1 feet during the first second and in successive seconds falls through 
32°2 feet more than during the preceding second. How far will it fall in 
t seconds ? 


II 
GEOMETRICAL SERIES 
1. Definition. It is readily seen that 
24+6408+0484 ..... 


is a series, each term being formed from the preceding by multiplying 
it by 3. Thus consecutive terms stand to each other in a constant 
ratio. Such a series is called a geometrical series, or a geometrical 
progression, which may therefore be defined as follows: 


A geometrical progression is a series in which each term is made 


Jrom the preceding by multiplication by the-same number. 


All geometrical series are seen to be included in the general pro- 
gression 
atar+ar+tar+..... 


Here a is called the first term and r (the ratio of any term to the 
preceding term) the common ratio. 
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Any term of a geometrical progression may be found without 
forming all preceding terms. Thus in the series 


DeiGeel & + 544+... 00e 


in which 2 is the first term and 3 the common ratio, it is plain that the 
fiftieth term being forty-nine terms in advance of the first will be the 
product of 2 and the factor 3 taken forty-nine times, 7.e., will be 2.3%, 
since each advance implies the introduction of the factor 3. So, too, 
the nth term of this series, being x — 1 terms in advance of the first, is 
2.3"-1, As in the case of the arithmetical progression, the mth term is 
called the general term; thus, giving to 7 the value 4, we find the 
fourth term to be 2.33 or 54. In like manner we have for the general 
series, 
\ nth term=ar"" (J) 


a result which should be remembered. 
Hix. 1. The 5th term of a geometrical progression is 162 and the 8th term 
is 4374 ; find the progression and the 10th term. 
Let a, r denote the first term and the common ratio. 
The 5th term=ar4 
ax’ = 102. 
Similarly, constructing the 8th term, we have 
ar’ = 4374, 


Therefore, by division 


4374 
a a 
= 69 =27 


—, 


if we regard only the arithmetical cube root, or, in other words, if we 
consider only real numbers. 


~ 


ie 162 ’ 
6 a= gy =2. 
The progression is then , 
24+64+18+4+54+41624..... 


and the 10th term = 2.39 
= 39366. 
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5. Shew that the series formed by taking every 5th term of the G.P. 
atartar+..... 

is also a G.P. 

6. If each term of a G.P. be multiplied by the same number, the result- 
ing series is a G.P. 

7. If corresponding terms of two G.P. be multiplied together, and the 
results be written in order as terms, shew that the series is a G.P. 

Illustrate this theorem. 


8. Write down any 7 numbers in G.P. and shew that the average of the 

Ist and 7th is not the same as the average of the 2nd and 6th, or of the 3rd 

and 5th ; but shew that the product of the Ist and 7th is equal to that of the 

2nd and 6th, or that of the 3rd and 5th, and is equal to the square of the 4th. 


9. The first of 17 terms of a G.P. is a and the last is 3414; find the 
middle term. 

10. The nth term of a series ab", whatever be the value of »; shew 
that the series is a G.P. 

2. Geometrical Means. When three numbers are in geometrical 
progression, the middle number is called the geometrical mean of the 
other two. We have then the problem: 

To find the geometrical mean of two given numbers. 


Let a and 6b be the given numbers and let « be the mean sought. 
Then a, x, 6 are in geometrical progression and by definition 


a 6 
a « 
a? = ab 


Thus, the geometrical mean of two numbers is equal to the square 
root of their product. 

As it is supposed that we are dealing with real numbers the two 
numbers whose mean is sought are supposed to be of the same sign, 
and in extracting the square root of their product we take the sign so 
as to place the mean between the given numbers. 

It is to be noted that, if three or more numbers are in geometrical 
progression, the numbers are in continued proportion, and that the 
geometrical mean of two numbers is the mean proportional of those 
numbers. 


\ 
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. 


3. The Summation Formula. The sum of any number of terms 
of a geometrical series may be found without actual addition. — 


Ex. Find the sum of 8 terms of the series 
(+21+63+ ...., 
Let s denote the sum sought; then, since the common ratio is seen to be 3, 
s=7+214+63-+4 189 +567 +1701 +5103 + 15309. 
3s= - 214 638 ++ 189 +567 +1701 +5103 + 15309 +.45927. 

The second equation is formed from the first by multiplying each term by 3 
and setting the result one place to the right. Then, since each term of the 
given series is formed from the preceding term by multiplying it by 3, we see* 
in advance that each number in the scries for 2s will be below an equal 


number. Then subtracting the numbers in the first equation from those in 


the second we have 
2s = 45927 — 7 = 45920 


$ = 22960. 

Consider now the general problem : 

To find the sum of n terms of the geometrical progression 
a-ar+ar?+..... 


Here the common ratio is r, so that the mth term is arv™-}, Let s denote 
the sum sought. Then, having in mind the terms not written, we write 
sS=atart+ar+..... + ar 4 arm? 4 gr") 


rs = Gr arm. ...: ar 3 gy? 2 4 yl gy, 


Then by subtraction we have 
s—1Trs=a—-ar" 


s(1 - r) =a(1 - 7”) 


l-,r" 
$= ET = ’ 
or, which is the same thing, (I) 
7” — I 
es, 


These results should be carried in memory. As stated, they are 
equivalent, but it is more natural to employ the former when r<1, the 
latter when r>1, 
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5. Sum to n terms: 


ary? i at 
» (1st) +(14) e(4b yt 
eee) Nit.) ++) + 
(2) (a+b)? +(@?4+ B+ (+59 +..... 
6. The product of three numbers in G.P. is 1728 and the sum of the 
first and the last is 25 ; find the numbers. 
7. Divide the number 221 into three parts in geometrical progression 
such that the third exceeds the first by 136. 
8. The sum of the first three terms of a G.P. is 228 and the sum of the 
first six terms 997°5 ; find the series. 
9. Shew that if, in a G.P., each term be subtracted from the term 
following it, the successive differences form a G.P. 
10. The sum of n terms of a certain series is h(y"—1); shew that the 
series is a G.P. 
11. If the pth, qth, rth terms of a G.P. are a, b, ¢ respectively, shew that 
mae”. be? oP — 1, 
12. Sum to n terms 
9+99+999+..... 
13. Sum to » terms 


(a+b)+(a?+ab+b’)+(a'+a7b+ab?+b*)+..... 


4. The Infinite Geometrical Series. In the case of the 
geometrical series ; 


the nth term is 2”~! and the sum of n terms is given by the formula 


2” —] 


a |, 
2-1 


$s, = 


where the subscript 7 in s, indicates that it is a question of the sum of 
m terms. If to 7 be given the value 25 we find that the 25th term is 
16,777,216 and that the sum of 25 terms is 33,554,431 and the rapidity 
with which the terms and the sums of terms increase with increase of 
n is very striking. It is easily seen that m may be taken sufficiently 
large to make either the mth term or the sum of » terms greater than 
any assigned number however large. 
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That s,, may, by increasing 7, be made to differ from 2 by as small 
a quantity as we please is rendered even more striking by representing 
the terms taken by lengths measured on a straight line. 


A b ko $tp 
AB measures 2; AP, 1; PQ, 4; QR, 4; RS, 4; ST, ¥s; etc. Then 
AQ measures the sum of 2 terms; AR of 3 terms; AS of 4 terms; 
AT of 5 terms; etc. Not many terms need be taken to make the 
sum practically 2, though the sum 2 is never reached. 
The general series 
atar+ar+..... 


may now be treated more concisely. 


(1). Suppose r numerically greater than 1 or, in symbols, || >t 
Then denoted by s, the sum of w terms we have 


7 —1 y” a 
Sb SS e 
r-l y-1l l-r 


=a 


Now, r being numerically greater than 1, r” increases in numerical 
value as 7” increases, and x may be taken sufficiently large to make 
7” numerically greater than any assigned number however large. 
Therefore also, a and r being given values, n may be taken large 
enough to make 
ar” ar” a 

, and consequently a 

-—f7r l-r l-r 


numerically greater than any assigned number. Thus, as 7 increases 
indefinitely, the numerical value of s, tends beyond all limit and we 
may not in this case speak of the limit of the sum of 7 terms. 

(II). Suppose al =i. 

Then, : 


Now, r being numerically less than 1, r* decreases in numerical value 
as m increases, and n may be taken sufficiently large to make 7” 
numerically less than any assigned positive quantity, however small. 


a 
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The general problem is : 


To find the present value of an annuity of $A beginning now and 
running for n years, the rate of interest being r on the unit. 

Finding the present value of each pee we have as_ the 
present value of all payments, 


SA $A $A 
Tee? are +a 
a geometrical progression of » terms whose common ratio is 
eg 
and whose sum is therefore 
; 1 
p= ae 
SA (l+r)" 
l+r rr 1 
l+r 


which reduces to 


* (atal 


which is consequently the present value sought. 


If, in the preceding, we suppose n to increase indefinitely, which 
means that the payments are. to continue for all time, we have then to 


do with an infinite geometrical series whose common -ratio is ; 
aah 
which is less than 1, and the sum is 


$A 
l+r 
aaa ae ae | 
a 
l+,r 
which reduces to 
SA 


——e 


7 
That this is the present value is easily seen otherwise, for oA put out 
, 
at interest for all time, the rate of interest being r on the unit would 
SA 


continue to bring in “— x7, or $A, each year for all time. 
r 


Such an annuity is called a perpetuity. 
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Il 
HARMONICAL PROGRESSION 


1. Definition. A series is said to be an harmonical progression 
when the series formed by the reciprocals of its terms is an arithmetical 
progression. 

Let a, 6, c be three numbers in harmonical progression. Then 

tele ol 
ab’c 


are in arithmetical progression. Therefore 


| 
bac b 
a-b b-—e 
“ab be 
ab_a-—b 

be b—e 

a _a—b 

c b—e¢ 


Thus, ¢f three numbers are in harmonical progression, the first 1s to the 
thud as the difference between the first and the second is to the difference 
between the second and the thard. 

This important property of three numbers in harmonical progres- 
. sion is sometimes taken as the definition of an harmonical Pe ogression 
of three terms. 

Problems in harmonical progression may be solved by considering 
the analogous problem in arithmetical progression. This will be illus- 
trated. It is to be remarked that there exists no formula for the sum 
of m terms of an harmonical progression. 

Ex. Shew that 35, 45, 63 are in pacnonmel progression and find the nth 
term. 


. Seal 
Svitider 2. 1 
onsid er 35” 45” 63° 
1 2 1 1 2 | 1 : 
hen — Sead _ Len ee, ale essa 
a z= 35 ~~ 315 Pee ee er as ag 


arithmetical progression and therefore 35, 45, 63 in harmonical progression. 
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Therefore 

1 i 1 
zx a b 2 
2 4a b 
x ab 
- Lab 

e c= 
a+b° 


Thus, the harmonical mean of two numbers is the quotient of twice 
their product by their sum. 


Tf a and 6 are two positive numbers and if their arithmetical, 
geometrical and harmonical means be denoted by A, G, H, respectively, 
we may compare the values of A, G and H. For we have 

at+b 2ab 


eer ny oe a 


Then 
AH= a = ab = G? 
a 


so that G=1/AH and G is not only the geometrical mean of a and 6, 
but also the geometrical mean of A and H. 


Again 
a+b ab 
2 
_a-2y/abh+b 
2 


_(Vo-Vb 
ee 


a Cu 


But, supposing @ and 6 unequal, (;/a— 1/6)? being the square of a 
real number is positive, so that A—G is positive or A>G. Further 


since AH = G? we have = , and A being greater than G we have 


G>H, so that A>G>H. 
If a=6 it is readily seen that A=G=H. 
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Hence, giving to r in succession the values n, n-1, n- 2, we. 8, 1; 
we have 
nm —(n-l1)8= 3n? -3n +441, 
(n—1)8 — (n- 2)? =3(n —1)?-3(m-1) +1, 
(n — 2)3 — (n — 3)? = 3(n ~ 2)? 3 (n- 2) 41, 


e@ceoereeeeeesse see eee severe es eer eee eeeeseos 


eee =) 332 — 3.3) 41, 
eee Eee 8.2 41, 
See ep 


Then, having regard to the lines not written but merely indicated by 
the dotted line, and noting that there are in all n lines, we have by 
addition 


n§ — 08 = 3(12 + 224 324+..... +n*)—311424+3+..... +n)+n. 


° 


;. n§ = 38, — 3. po 


ad 


38,, = 73 + 3. pal ee 


=7(2n? + 3+ 1) 


_ n(n +1) 2n +1) 
7 2 


ee a a re 


This result should be retained in memory. 


fix. Sum to n terms 


1.34+2.543.7+..... 
Each term is the product of two factors. The first factors are 1, 2,3,..... 
so that the nth first factor isn. The second factors are 3, 5, 7,..... so that 


the nth second factor is 3+(n—1)2 or 2n+1. The nth term of the series 
is therefore n(21+1), which equals 2n?+n. Now give to n the values 
eo, 3, ...3. n, and we have, denoting the sum sought by Sn, 
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Then, by subtraction, 
S,(1 —1r)=a+ (br + br? + ..... +r") -(a+n-—1b)r” 


l-r™} —,., 
=a+br.>—_— — (a.4n-— 16)r", 


since the series within the brackets is geometrical and consists of n— 1 
terms. 
(a+n—1b)r" br(1 —7r*-1) 


Here the method is the important thing and the result need not 
be retained in memory. 


EXERCISES 


1. Sum to n terms 
1 +20 +30? 4-4e54+..... 


2. Sum to n terms 


Oo 
ieee es 
t5t7+e+ 


testing the result by giving to n the values 1, 2, 3. 


3. Sum to 2 terms 
7 4120 4-17 2:7 4+ 22n3 4+-. 2... 


4. Sum to n terms 
1 —2x 4-32? - 4a84+..... 


EXAMPLES 
1. Continue each of the following series three terms: 
(1) 48, 60, 72; 
(2) 48, 60, 75; | 5 
(3) 48, 60, 80. 


2. The arithmetical mean of two numbers is 64 and their harmoni- 
cal mean is 60; find the numbers. 


3. The sum of four numbers in A.P. is 72 and the product of the 
extremes is to the product of the means as 27 to 35; find the numbers, 


CHAPTER V 
PERMUTATIONS AND COMBINATIONS 


1. Explanatory. From the four letters a, 6, ¢, d, it is plain that 
all possible selections of three are the following : 


bed, cda, dab, abe. 


These are the combinations of four letters three at a time, and they 
are four in number. ; 


Take any one of these combinations, say bed; then by interchange 
of the letters 6, c, d, the only arrangements of three that can be formed 
of those letters are the following :’ j 


bcd, bdc, cdb, chd, dtc, dcb. 


Each of the remaining three combinations will give rise to six such 
arrangements, so that in all there can be formed twenty-four arrange- 
ments of three letters. These are the permutations of four. letters 
three at a time. 


So, too, we speak generally of the combinations and permutations 
of n things r at a time. The things are ordinarily denoted by 
letters, different letters denoting dissimilar things and like letters like 
things. When nothing to thé contrary is stated, the things will be 
supposed to be dissimilar. In the theorems and problems to be treated 
it will always be a question of the number of possible permutations or 
combinations in question. 


EXERCISES 


1. Determine the number of combinations and permutations of three 
letters, (1) one at a time, (2) two at a time, (3) three at a time, by actually 
forming the combinations and permutations. 


2. Determine the number of combinations and permutations of four 
letters, (1) one at a time, (2) two at a time, (3) three at a time, (4) four ata 
time, by actually forming the combinations and permutations. 
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3. Given that the number of permutations of 5 things 3 at a time is 60, 
shew that the number of combinations of 5 things 3 at a time is 10 and that 
the number of permutations of 5 things 4 at a time is 60 x 2 or 120. 


2. The Fundamental Theorem of Permutations. The theorem 
will first be illustrated by finding the number of permutations of 5 
letters a, 6, c, d, e, taken 3 at a time. 


The number of ways in which three places, in order as shewn in 
the diagram, - 


Jejale 


may be filled by 3 of the letters is plainly the number of permutations 
sought. The first place may be filled by any one of the 5 letters and 
therefore in 5 ways. Suppose the first place filled in any of the 5 ways; 
then the second place may be filled by any one of the 4 remaining letters 
and therefore in 4 ways. Thus each of the 5 possible ways of filling the 
first place may be assuciated with each of the 4 possible ways of filling 
the second, which makes in all 5.4 ways of filling the first two places. 
Suppose the first two places filled in any way; the third place may 
then be filled by any one of the 3 remaining letters. As before, each 
of the 5.4 ways of filling the first two places may be associated with 
3 ways of filling the third, which makes in all 5.4.3 ways of filling 
the three places. Hence, 5.4.3 or 60 is the number of permutations 
sought. 

One way of filling the places is indicated. The student is recom- 
mended to write out all the ways of filling the second after b has been 
put in the first, and then to write out all the ways in each ease for 
filling the third place. 


The general proposition is: 7'o find the number of permutations of 
n different things r at a time. 


The number of ways of filling r places in order, each place by one 
thing, is the number of permutations sought. 


The first place may be filled by any one of the nm things r 
therefore in ways. Suppose it filled in any one way; the second 
place may then be filled by any one of the n - 1 remaining things and 
therefore in »-1 ways, Each of the » ways of filling the first may 
thus be associated with n-1 ways of filling the second which makes 
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n(n—1) ways of filling the first two places. In like manner each of 
the n(n — 1) ways of filling the first two places may be associated with 
n—2 ways of filling the third which makes n(n—1)(n-—2) ways 
of filling the first three places. The reasoning may evidently be 
continued. When r—1 places have been filled, there remain n —r—1 
or n—7r-+1 things so that the rth place may be filled in n-7+1 ways. 
Thus the 7 places may be filled in 


n(n—1)(n—-2)..... (n—-r-+1) 


ways, and this then is the number of permutations of n things r at a 
time. The number is frequently denoted by the significant symbol ,,P,. 


Cor. The number of permutations of n things n at a time, t.€., all 


together 1s 
m(n—1).....3.2.1. 


This number is generally denoted by the symbol | 7 or n! which is read 
n factorial. 


aioe Bee (n—r+1)(n—r)(n—r—-1)....2.1 
(n—r)\(n~—r—1)..... roe) 


we have 


(w=r)1 
Ex. How many numbers of three digits, all different, may be formed from 
the digits 1, 2, 3, 4, 5? 


This is readily seen to be the same as the number of permutations of 
5 things 3 at a time and is therefore 


nbr=n(n— 1) 60006 (n-r+1)= : n! 


5.4.3 or 60. 


EXERCISES 


1. In how many ways may 5 books be arranged on a shelf ? 


2. Write down the numbers represented by 4,P,5, 12P,, ,P, and com- 
pute the value in each case. 


3. How many words, each of four letters, may be formed from the letters 
of the word comrade? 
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4. How many numbers, each of 4 digits, may be made from the nine 
digits, no digit being employed more than once ? 
In how many of these will the first digit be an odd digit, and in how many 
of them will the first digit be 6? 
5. How many numbers, each of 4 digits, may be made from the nine 
digits and the figure 0, no digit being employed more than once? 
How many of these will end in 0? 
6. How many numbers of 4 figures each may be made from the nine 
digits, if digits may be repeated ? 
7. A signal is made by running up on a vertical rope one, two, or three 
flags. How many signals could be made with 7 flags of different colours ? 
' 8 How many words each of four letters, beginning and ending with a 
consonant, may be made from the letters of the word tambour? 
9. In how many ways may 5 ladies and 5 gentlemen be assigned to 10 
seats in a row, no two ladies to be seated together ? 
10. Find in how many ways 9 persons may be seated at a round table 
(1) supposing the seats distinguished ; 
(2) considering relative position only ; 
(3) considering relative position only except that two orders differing 
only in direction (or sense) are counted as one. 
11. In how many ways may 11 persons be seated relatively at a round 
table if a certain two persons are not to be placed together ? 
12. In how many ways may 5 ladies and 5 gentlemen be seated relatively 
at a round table if no two ladies are to be seated together ? 


3. The Fundamental Theorem of Combinations. The theorem 
will be illustrated by finding the number of combinations of 5 letters 
a, b, c, d, e, taken 3 at a time. Denote the number sought by N. 
Take any combination abc ; then by interchange of these “Tete we 
obtain in all 3.2.1 distinct permutations, each of three letters. The- 
same is true of Ie. of the possible combinations. Now no two 
distinct combinations can give rise to the same permutation, while 
from all possible combinations will be formed all possible permutations. 
Hence the total number of permutations of 5 letters 3 at a time is 


N Xo 
But this number is already known to be 5.4.3. 
’ Nx 3.2.1=5.4.3 


5.4.3 
', N=g57=10, 


\ 
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The student is recommended to write down these 10 combinations 
and see their relation to the 60 permutations of 5 letters 3 at a time. 


The general position is: Zo find the number of combinations of n 
things r at a time. 


Denote this number by ,C,. Take any combination of the r things ; 
then, by interchange of the r things of which it consists, it will give 
rise to 7! distinct permutations. The same is true of each combination. 
Further, no two combinations can give rise to the same permutation, 
while from all possible combinations will be formed all possible permu- 
tations. Therefore, the total number of permutations of n things r at 
a time is 

lve Tol 


But this number is already known to be 


‘ n(n —1) eo eee (n-r+1), or i. im 
(n—7)! 
a n0,X7T!=n(n—- 1) = (n—7 +1) na} 
(n-r)! 
C eae 1)2008 (n-r+1)_ an! 
a! ri(n—ry! 


Cor. The number of combinations of n things r at a time is equal to 
the number of combinations of n things n—r at a time. 


EXERCISES 
1. From a company of 35 soldiers a picket of 5 soldiers has to be chosen ; 
in how many ways is this possible ? 


2. Write down in full, 2e., not employing the factorial symbol, the 
numbers denoted by ,C3, »C;, ;C;, and compute the value in each case. 

3. From a case containing 15 books a person is to select 3 books ; in how 
many ways may the selection be made ? 

4. If nn =nC7 find n. 

5. In a plane are 7 points ; how many triangles may be formed with 3 of 
these points as angular points ? 


6. How many triangles can be formed having 3 of n given points ina 
plane as angular points ? 
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21. Shew that mn different things may be divided among m persons, each 
receiving 7” things, in 
(mn) ! 


(n 1)" 


ways and that the number of ways in which the mn things may be divided 
into m parcels of n each is 


(mn) ! 
(n!)"m ! 


22. How many words of 3 consonants and 2 vowels may be formed from 
the letters of the word amplitude ? 

In how many of these will the vowels be separated ? 

23. Shew that the product of any r consecutive integers is divisible by r. 


4. Additional Theorems. ‘The theorems of the two preceding 
articles have been spoken of as fundamental. As the theorem on 
combinations has been derived from that on permutations, we might 
say that there is one essential proposition. We shall now derive 
certain further theorems ¢ither from those already given or by the 
methods already employed. 


Theorem I. The number of permutations of n things taken all at a 
time, p being alike and the rest unlike, is 


n! 
| pl , 

Let N denote the number sought. Take any one of the permuta- 
tions and in it suppose the p like things replaced by p things different 
from one another and from the rest. Then by permitting these p 
things without disturbing the rest we should form p! distinct permu- 
tations. The same is true of each of the N permutations in question 
so that these would give rise to N x p! permutations. But these would 
be the n! permutations among themselves of 7 unlike things. 


Cor. The number of permutations of » things taken all at a time, 
p being of one kind, g of another kind, r of another kind, is 
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(a) Let nbeeven. Then the greatest value the integer 7 can have to 


be less than 


< : is = ; this, therefore, is the greatest value 7 can have 


if ,C,>,C,.,. Thus, ,C, is greatest when r= - F 


(b) Let x be odd. Then the greatest value r can have to be less 


n+l ae | 


than = 3 this, therefore, is the greatest value r can have it 


ad 


nUp>,C,-1- Thus ,C, is greatest when r= oe . But we must note, 


cag: , t.¢., greater by 1 than = l , then will ,C,=,,C,_, 


ad 


also, that if r= 


so that the number of combinations 7” — 1 at a time is the same as the 


ad 


number ” = at a time and each is greater than the number given by 


ad 


any other value of r. 


EXAMPLES 


1. How many numbers of 5 figures cach may be made from the 
nine digits 
(1) if digits may not be repeated ; 
(2) it digits may be repeated ? 


In (1) how many numbers begin with 5 and end with 7, and how 
many have 5 as their middle digit? 


In (2) how many numbers begin and end with 5, and how many 
have 5 as their middle digit ! 


2. Find the total number of possible combinations of p+q things 
of which p are of one kind and q of another. 


3. Find the number of combinations of 4 letters and the number of 
permutations of 4 letters that can be formed from thie letters of thie 
word terrestrial. 


CHAPTER VI 
THE BINOMIAL THEOREM 


1. Preliminary. By actual multiplication we know the expansion 
of (a+), (a+), (a+), and it may be a few higher powers of the 
binomial a+x. Thus,efor example, 


(a+x) = a3 + 3a%x + 3ax? + 23. 


The question arises whether it is possible to obtain a rule for writing 
down the expansion of a binomial to any positive integral power and 
whether we can speak of an expansion and a rule for an expansion if 
the exponent is a positive fraction or a negative integer or fraction. 


It will be seen that a rule is furnished by the Binomial Theorem. 


The case first to be examined is that in which the exponent is a 
positive integer. It will be well, before treating the general problem, 
to obtain the expansion of say (a+)° by a method other than formal 
multiplication. Plainly (a+«)' is the product of the three factors, 


Gtx, +H, a+. 
Each term of the product will be of three dimensions, one dimension or 
letter being furnished by each factor, so that all possible terms are 
a8, a®x,ax*, a3 


except that coefficients are wanting. The term a? can and will be 
formed in only one way, namely by taking a from each factor ; its 
coefficient is therefore 1. The term a*x will be formed by taking x 
from one factor and with it the a from each of the other two factors ; 
x can be chosen from one of three factors in 3 ways so that the term 
a’ can and will be formed in 3 ways and its coefficient is therefore 3. 
The term az? will be formed by taking « from two factors, and with 
these two x’s the a from the remaining factor; x can be chosen from 


two of three factors in = or 3 ways and 3 is the coefficient of ax? 
The coefficient of #3 is seen to be 1. Thus we have 


(a+x)? =a? + 3a°x + 30x? + 23. 
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By giving to r the values 1, 2,..... m, we obtain the coefficients of 
all the terms after the first. Hence we have 
4 


(a+x)"=a"+na"- at, 3 Cee a a a ae | 
n(n—1)..... (n-—7r+1) 4 flvley +20", 
ene ae , 


and the required rule for the expansion has been found. 

Cor. 1. The sum of the coefficients in. the expansion of (a+ x)” is 2”. 
(Found by putting a=1, «=1.) 

Cor. 2. The sum of the odd coefficients 1s equal to the sum of the even 
coefficients. (Found by putting a=1, x= +1.) 

Cor. 3. The coefficients of terms equidistant from the beginning and 
the end are the same. 


Norte :— 


(1) The number of terms is n +1, so that if n is even there is a 
middle term, and if » is odd there are two middle terms. 


(2) For convenience the expansion is frequently written thus: 


(a+n)"=a"+ ( - Jatt + ( S Vata? rn aa ( ‘ Jat-rat + eos +2", 
where ( ss ) denotes = Dee CS) We may agree to denote 
sieves T 


the first and the last coefficient, namely 1, by ( ; ). 


(3) (L4eay=1+(™ )n+(% )at+ (Bee: +(3 Vert. 
(4) (a-2)" =a" — ( T yatta + e te 2 an. & +(-1) * a"- rar 


+...6.4+( = 1)”. 
Ex. 1, Find the middle term of (2x —3y)". 


There are in all 11 terms so that the middle term is the 6th, .e., the term 
involving y>. It is therefore 


10.9.8.7.6 
a (2a)°(— 3y)°, or — 252.32.243a5y8, 
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4, Write down the general term, 7.e, the (r+1)th term, of ; 
(L—x)", (1+3x)", (a-—22)". 


3. The Binomial Theorem for Fractional or Negative Ex- 
ponents. ‘The question now arises whether an expansion can be 
found for (a + «)” when 1 is fractional or negative, and, if so, whether the 
rule established for the case in which the exponent is a positive integer 
is applicable. We shall first examine certain examples. 


Hz. 1. Examine whether an expansion in ascending powers of x can be 
found for (1 —x)-}. 


— 


We have (1-—«)-!= =1+(1-~2). 


Let the division be performed : 


1-~-x)1 (l+x+a?+.... 
doe 


+2 
ae 
+27 
4-92 — 93 
+28 


Plainly the operation of division will not terminate. At any step we may 
write down a value of (1+)-}, in part a series. Thus we may say 


3 
(l—-x)=1+ata?4+_" , 
1l-x 
We are led to say 


(L—x)1t=1+a+a%+a%+..... in inf. ° 
And we have indeed seen that the limit of this series is (1—2)-1, if » is 
numerically less than unity. 


Let us now apply the binomial rule, shewn to hold for a positive integral 
exponent. This would give 


x) (2 D(=2) (yey. (ED (= 2). (1-1) (_, 
T= 1) (==) SSE") (— ayes. SE AOE) (wrt. 


or when reduced 
Ltatattaoit..... 


a seriés which will not terminate. The result is in agreement with, the 
expansion found by division. 
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The application of the rule here as in the earlier example furnishes an 
infinite series. 
Referring to Ex. 4, p. 85, we see that we can find the sum of 7 terms of 
the series 
120+ 30? +..... 
and if x is numerically less than unity, it can be shewn that the limit of the 
infinite series is (1 —«)?. 


l 
Ex. 3. Find an expression in ascending powers of x for (L+2)?. 


We have = VY (1+). Let the square root be extracted, 


- 1 
2+ +2 
oe? 
+0472 
4 
2 2 
Q4+2-% ae 
+2 a 
a? 3 of 
“4738 +6 


1 P=) 
leet eae. 
+$xe+ 12 a+ 

or 
re 
to at sigeuerevs 


a result which agrees with the value found for (14+2)2. It is plain that the 
series will not terminate, and it could be shewn that the infinite series has 
a meaning only when x is nwmerically less than wnity. 


It is also to be noted that (l+x)e has two values. In finding the square 
root we might have started with -—1 as well as with +1 and the two values 
found would differ only in sign. The binomial rule gives only one of the 
roots. 

A study of the preceding examples would seem to lead to the 
conclusion that the Binomial Theorem is valid, under certain restric- 
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Ex, 2. Expand (a+)? 
era saon(oee)"=4, (tent sEBED. (2). } 


The general term of the expansion within the brackets is 


CHC CBD (2) oe ay. 41) 
sGeeveee a ar 

b, ef 2 : ty 
* (a+2) t= = 2 +3=, — + (1+ 1). ite eee 


Ex. 3. Find the coefficient of x" in the expansion of = = 
~x 
Sa : _——_— 
G ag) =(1+2)? (l—a)?=(14+ 2e+2") (1+2e+3a7+..... area ae 


In this last product the coefficient of x” is seen to be 
(r+1)+2.r+ (7-1) or 47. 


This result may be obtained otherwise in noting that 


1+ en By Aa _\e 
it) 5s =1+4a (1—-a). 


Ex. 4. Find the sum of the first r+1 coefficients in the expansion of 
(1 — x)" where 7 may be any positive or negative integer or fraction. 


Let 
(l—x)* =co + oe + com? +..... Ga ACA 


Also we have 


Mel + et f+ ee Oe. 


Then co + 1 + ..... + c, equals the coefficient of x” in the expansion of 
the product (1-x)"(1—«)-! or (1-«)*-. This coefficient equals 


(n—1) (n-2)..... feeatt]) (n-1)(n-2)..... (n-r) 
a. r r! : 
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10. Recover the power of a binomial which leads to each of the following: 


1 1\2 ay 
(1) 1+8(= )+3(; ) +4 =) = 
i139 %eetes 1 
2)1-1 4 
sats a46 ot 
1.1.3. 1.3.5 

Webs pees 5 ee 
ES a ae a a 
4y1-iyi4 Lyle7 1s, 


5 +T3 P57 1.2.3 755 


4. Approximations, When ina problem the result is given in 
the form of an infinite series it is in general necessary, for practical 
purposes, to accept the approximation furnished by some definite and 
small number of terms. The following examples will illustrate this 
fact. The question of the degree of the approximation will not be here 
investigated, the student being referred to the excellent Algebra of 
Chrystal, Vol. IT, p. 192, et seq. 

Hx. 1. A cube of copper of edge 1 in. at 0°C. is brought to a temperature 
of 1°C. It is found that each edge has been increased in length 0000017 in.; 


find the increase in volume. The volume at 1°C. is (1+0-000017)® cubic in. 
and this equals 


(1+3 x 0000017 +3 x 0:000017? + 0:000017°) c. in. 
The last two terms are very small compared with the second term and the 
volume to a degree of approximation that makes it practically correct is 


(1+3 x 0:000017) c. in., so that the ae in volume is 3x0-000017 or 
0°000051 ce. in. 


Here 0-000017 is the coefficient of linear expansion of copper and 0000051 
the coefficient of cubical expansion. 


Tn like manner if the coefficient of linear expansion of a given metal is x 
the coefficient of cubical expansion is 3a. 


Ex. 2. Find approximately the square root of 99. 


V99= (100 — 1)'=1008 (a9) = (1-74) 
=10 (1-3 - = ae ae ) 


The terms within the brackets become small very rapidly, and if we take the 
first three terms as an approximation, the result is 9949875, which is correct 
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5. Proof of the Binomial Theorem jor a Positive Fractional 
KHxponent and for a Negative Integral or Fractional Exponent. 


The following proof of tne theorem, under stated assumptions, for 
the case in which the exponent is fractional or negative, is now added. 


The series 


eet Os 1) 2 pe 

1 1.2 12a r 
will terminate if m is a positive integer and its value is then (1 +a)”. 
If m is not a positive integer no factor 0 can be introduced into-the 
numerator of any term so that the series will not terminate; this 
infinite series has a finite limit when | «| <1, a fact which will be 
assumed, and under this supposition as to the values of m and 2, it is 
proposed to find the value of the series. The value of the series 
depends on that of m ; it is then a certain function of m which will be 
denoted by f(m). Thus if m isa positive integer (m)=(1+a)". Then 


if % is written for gs 4) ee), 
r 


A(m) = 1+ C7 a + (7 a? pe a (er Fe 
Also, if m is replaced by 2, 
fn) =1+ Gr + (2 )a2 Bayi ("er 474g 


Assume now that it is permissible to multiply two infinite series 
with finite limit as if they were polynomials ; then 


whatever be the value 


of m, . 


Jim) . fm) = 1+ {(7) + (7) \2 + an infinite series of higher powers of x. 
In this product, the coefficient of x” is 
HT) Gt CG): 


This series of fractions involving m and n may be added to form one 
fraction and the way in which m and » appear in the result will be the 
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As there are more than one gth root (gq indeed) of which one or 
at most two are real, it is necessary to determine which gth root is 


Pp 
given by the expansion. Let 2 grow to the value 0; then (1+.)4 


z. 
becomes 17 and the series becomes | ; hence, for these to be equal, the 
qth root taken must be the arithmetical root. 


Next let m be a negative integer or fraction, and put it. equal to 
—m where m’ is positive. Then 


S(-m'). fim) =f(-m' +m’) =f (0)=1 


, 1 
ear), 


But m’ being a positive integer or fraction f(m’) = (1 + x)™ 


a 1 
OB) = ae 


(LB =f OR), 


or if f(m) is written at length 


=A +a) 


m mm-1 mow —-l)....{m—r+1 
es, Me 


Hence the binomial rule applies to the case in which m is a negative 
integer or fraction. 


6. The number of Homogeneous Products. Leta, b,c,..... ,h, 
be given letters, and consider the product of the m infinite serics: 
lhe +a%a7+...... aa a. ee 
1 ba: 43 Oe wes xs tp + 2a 
l+tcxat+eceat+..... +e 4+ ee 
Met het hee 1... +R eee 


In this product the coefficient of x” will be the sum of all possible terms of 
r dimensions that can be made from the n given letters and repetitions 
of them, 2.e., will be the sum of the homogeneous products of 7 things 
yatatime. If each of a, b,c,..... , A be put equal to 1, each term in 
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(n+ 1)x 
e+] 
integers p and p+ |, then r =p is the last value that makes the multiplier 
for the (7 +1)th term greater than unity and the (p+1)th term is the 

greatest. 


greater than any other term. If is fractional and between the 


II. Suppose 2 a positive fraction, or a negative integer or fraction. 
We have then to take x less than 1. 


(1) Let n be a positive or negative proper fraction. 


Then O<n+1<2 
0< pe <2, for all values of r 
r . 


at } —1<1, for all values of r 
r ae 


Thus, x being less than 1, Gay 1) is numerically less than 1, so 
; 


that the multiplier for the (r+1)th term is always numerically less 
than 1 and the first term is the greatest. 


(2) Let n= —-1. 
The expansion is then 1+a+a?+4..... , and the first term is the 
greatest. . 
(3) Let n< -1. 
Put n= —m where m is positive and greater than 1. The multi- 


plier is then numerically( +" — *) a or We a 1) a. Then 
r r 


the (7+ 1)th term > = <the rth term 


(a — ye saa (n+ l)x 


te " Y id > 
l-z l-x 
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EXAMPLES 


(Norr.— When, in the following examples, tho letters cp, c,, ¢.,..... 
appear, they are supposed to be the coefficients in the expansion of 
(1 +a)” where n is a positive integer, and the last of them will therefore 


be ¢,,.) 
1. Find the middle term in the expansion of (2- 1 ns : 
cae 
2. If mand n are positive integers, shew that the coefficient of x” 


in the expansion of (1 — x)-+1 is equal to the coefficient of 2" in the 
expansion of (1 —x)-(™+)), 


3. Shew that, in the infinite series which gives a binomial expansion, 
the terms are sooner or later of the same sign or of alternate signs. 


Illustrate each possibility. 


4, Shew that 
eer poss... Paes 2 oe!) 
Cf Cy Cy i ae 2 
, . (1 +a)" 
5. Find the coefficient of x*+* in the expansions of Tog and 
(1 +«x)” 
‘l—2x)? 


6. Sum to infinity : 


May + 1.3 si 1.3.5 


10” 10.20 10.20.30°°°""" 


1, 1.4 1.4.7 
o = EE : ae 6 ee 
( )5* 13 * 9.18.57 


7. Find the sum of the first +7 coefficients in the expansion of 


(1 +a)" 
co 


CHAPTER VII 
THE EXPONENTIAL AND LOGARITHMIC SERIES 


1. The Exponential Series. It is proposed to make a brief 
study of the infinite series 


2 r 
eee eee. (1) 


rr 12 LE oe 7 
a series which, on account of its simple form, might very easily have 
suggested itself for examination. This series has a finite limit for all 
finite values of x, a fact which will be assumed. Thus for x=1 the 
series is 


mi. (i 1 i 
1 — —_— —_—_—_ eee Ge ee ee ee ee ee Ce 
Meth. 131034 °° 12d..0r @) 


This last series is seen to be less than 


Ae 1 
ale tot e5at ee te ie 


which after the first term is an infinite geometrical progression with 
common ratio 4 so that its sum is 


jee or 3. 


I-4 
Thus the series (2) has a finite limit between 2 and 3. This limit can, 
by taking a sufficient number of terms, be found to any degree of 
accuracy buf it cannot be computed exactly. Its value is denoted by ¢ 
so that 

NM 1 


1 AP 
ee fo ek Z v6 
ie bir 12 i a) 


Approximately e= 2°7182818 


Denote the series (1) by F(x), thus indicating that it is a function of 
a, Then putting for # the values m and we have 
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Then extracting the gth root 


F(‘) a fray} (IV) 


Thus from (JJ) and (JV) it follows that for all positive integral or 
fractional values of x 


{F (1) }'= F(x). 


‘Finally let « be a negative fraction or integer and equal to — y so 
that y is positive. By (7) we have 


F(-y). F(y)=F(-y+y) = F(9) which is seen to be 1. 


1 1 7 =¥ 
ohana crn 


Thus also, replacing — y by x, we have when « is a negative integer or 


fraction 


F(x) = {Fay} 
Hence for all positive or negative integral or fractional values of x, 


» {F(1)}" = F(2). 
But F(1) = e( = 2-7182818 approximately). Therefore 


This is the exponential theorem. 

2. Logarithmic Theorem. In (V) of the preceding article replace 
x by x log. Then, since e7'%= {lee \s — a? by the definition of 
logarithm, it follows that 
' x log,a , «.(log.a)? 
et eye Se 
a a 1 + 19 a 
In this put x=1+y. 


: < log, (1 2 {log (1+ 2 
a (Leyya1+ tle ty) , Piles Cy h 


ANSWERS 


EXERCISES: Pace 5 


1, (1) w(+1)-2°?=13; (2) 32+15=2(4+15); (3) 2(100-—«x100 
+10)=100—a«x100+11. 2. (1) A property of every three consecutive 
integers; (2) A property for every division of the line. 


EXERCISES : PAGE 6 


1, (1) 11;' (2) 12; (3) por; (4) abe. 2 15 ft., 27 ft. 


EXERCISES: Pace 9 


meu,e—0; —1,2=—0; d3,4=4; 2,x=1. 2. -5¥, x=; 0,2=0; 
1,2=0; 4,0=1. 3. -—6), x=3, min.; 414, «=8, min.; 74, x=1}, max. 


Exercises: Pace 15 


1. {x+(7+/69)+2} {x+(7- /69)+2}; (w-1) (Qed); {Qa +(/78 
+5)+4} {(/73-5)+4-20} ; 7{x—-(11+ 7 -19) +14} {x-(11-y - 19) 
+14}. 2. (74 /37)+2; (24/19)+3; (-34/149)+10; (11+ /131)+6. 
3. Real and positive ; real, one positive and one negative, the former the 
greater numerically ; real and negative ; real and positive. 4, «?—9x+11 
=0. 5. ax’+(b-2ah)x+c-bh+ah?=0. 6. x’?-—10x+12=0. 7 a?+ 
mpx+mq=0, 9, (1) 4x2?-374+9=0; (2) 32?-T7x+2=0; (3) 82?—- 
420+27=0. 10. (1) a’x?—-(b?-2Qaclut+e?=0; (2) ca?+ba+a=0; (38) 
ea? —(b?-2acle+a?=0; (4) a®x?+b(b?-3ac)la+8=0; (5) a’x?+abexn+ 
&=0; (6) ac?—(b?-4aclv+1=0. 1. (q—s)’"=(p—r) (rq—ps). 12. 
a+p=b+q=c+r. 14. Zero for x=4 or —3; negative for « between 4 
and —3; positive for other values. 15, Always positive. 16. a(//5-—1)+2 
and a(3 — 7/5)+2; a(34+ 7/5)+2 and a(-1- 7/5)+2. 


EXERCISES: PaGE 21 


1. +/6+2, +/35+5. 2.4,5, (-lt/-3)+2. 3, 4,-13,9+3y—- 
B1)+2. 4, 5,-§, {(+7/137)+4}. 5. 2,2, (94/387)+8. 6. %, 9, (-34 
¥-7)+4 71,-1+/Y-1,-yY-1. 8 3,-10,(-74£3/-11)+2 9 7, 
-28, 10,-7,-13, { -34 7/79}. 


ANSWERS 125 


EXERCISES: PaGE 58 


1, 36, 53,...., 206. 2, 13,9,....,-3. 8, {(n-r+1)at+rb} +(m+1). 
mm 16%, 152,..... , 222. 


EXERCISES: Pace 60 


1. (1) 8533; (2) 1510h; (3) —689; (4) 53; (5) (63a+1378b)+b. 
2, (1) 2n?+7n; (2) $(51n—5n”); (3) §(5n?+15n). 5, 40r8. 6, 5. 


mee 8, 7. 9% 13. 10. 3(577+19r). 11, —52}-40$-29-..... ; 2405. 
13, 10, 465. 14, 14r+4. 15, 5,8, 11. 16, 294+35441+4..... 514. 17, 
r= 15 =13..... 19, 16°12. 


EXERCISES: Pace 64 
meee) «6°, 5; (2) 7.287.271; (3) 2+38, 2+3"7; (4) 1+28, 
1+2"1; (5) 1+2°3, (=1)771+2"-1, 2. a=480, r=4; 480-2" 3, 12,24, 
gon 4. r=27. 9.13. 10. r=". 


EXERCISES: Pace 66 
Meee, O59,189. 2, 35, 245..... 3, 24, 144..... 


EXeERcIses: Pace 68 


mem) xO - 1); (2) 37-7"); (3) H2+2%); (4) F454 
(5) aQd-a™)+(l-a’) 2. () 4"—1; .(2) 12-12+2"; (8) %-(-1)% 
+3" 1, 3. (a®—y")+(e—y). 5, w+2(ac" — 1) (oe — 1) +(e — 1) + 0?(xe? - 1). 
6. 9.12.16. 7. 17, 51, 221; 425, -598, 833. g 48 72,108. 10, Ist term 
h(r-1); ratio r. 12. 19(10"-1)-n. 13. {a%(a" — 1)+(a-1) - b4b"-1)+ 
(@=1)} +-(@- b). , 
EXERCISES: Pace 73 
; 8) & 2.0) 15; @) 334; 2 Brae 


3 
. Area of original square. 


2) 


oe 
ols 

Cay 

on 

= 

cold 
cep toe 
co- 
Sle 

ae ~ 


EXERCISES: Pace 76 


1. $1473:17. 2. $1484:12. 3. $4069°10. 4. $3000. 5. $1849-34. 
6. $7860°18. 
EXERCISES: Pace 78 


1, 105, ~105,-35, -21. 2. 6 and infinity. 3. 840, 420, 280. 


Exercises: Paces 80 


1, 12,15. 2. 74, 6, 4§. 5. pq+(p+q). 
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EXAMPLES: PAGE 97 


i (1)" 45120 7> (2) 59049, 210, 1680; 729, 6561. 2. (p+1)(q+1)—1. 
3. 1470, 89. 5, (m+n-2)!+{(m—1)!. (ayn }. 6, 800. 7. (p+1)! 
+{ni(p-n+1)!}. 8 (1) 495; (2) 35; (3) 10. 


EXERCISES: Pace 100 
3. 10, 16, 18. 


EXERCISES: Pace 102 


2. 6! a®y(3! 3!); 20! aly+(10! 10!);-14! (2a)(8yl'+(7! 7); 
(Tay 3888. 3. 5! (2a)°(3b)?+(3! 21), -5! (2a)?(3b)8 +2! 3!; -23! al 
y§(12! 111), 23! aMy®2(11! 12!) 517! a y6+9181, -17 fa y8-8 191, 
4, (-1)n! x =(n-r)! r!3 m! dav+(m—-r)! rr}; (- 1)! at 72rar+(n-r)! 
cea 


Exercises: Pace 108 


1 (1) =; 2) (-1%e"; (3) (rt)e"; 4) (rt+D(r+2)rr=1.2 ;yW 
(5) (rt+1)\(r+2)(r+3)a7+1.2.3; (6) m(m+1)..... (m+r—1)x"+1.2.3.....97. 
2, -1.3.....(2r—3)x" +(2.4.....2r)3 1.8.....(2r— Dar +(2.4.....2r)3 (—1)r 
eS... (2r —5)8aix" +(2.4.....2r.07); 5.6..... (r+4)(2a) 3a" +(1.2.....97. 
Ora’). 3, —9.7.5.309+2.4.....12, 5, (-1)2.5.....(8r—4)ar+3.6.....39; 
(172.5. ....(8r— Larter); 1.6.11.....(5r ~4)ar+(5.10.....5r). 6. (r +1); 
2r?+2r4+1; 8r-4. 8 (- 1)"n(n-+1) em (at+r-l1)=rt. 10. @) Geer; 
@) (+374; (8) G-34; @) G-H-8 


EXERCISES: Pace 110 
1, 4'89898 ; 8°94427 ; 24:8998 ; 14:9666; 34:9285. 2. 3°97906; 9:84886; 
014586 ; 2°99256; 0°198945. 3, 0000026. 4, l-w; $+23x0; 4+¢4 
1-30; i - 
EXERCISES: Pace 116 


1. (1) Gthand 7th; (2) Ist; (8) 4th, 6thand 7th; (4) 8rd and 
4th. 2, (1) 5Sthand 6th; (2) 8th; (38) 24thand 25th; (4) 19th. 


EXAMpLeEs: Pace 117 


1. (-1)"(2n) 12 (mt nm!) 5, "5 2(ntr4+1)—n2", 6, (1) 542; 
B8=23-1. 7, 2" (u+r)—n2". 10, an -(1—«x) ; {(n+ 1) a - nant} 
(—«x), 12, 251+(5!.7!.18!). 14. n(n—1) (4n?4+16n - 21)+6. 
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